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Abstract
In this paper, we characterize the amenablity of locally compact groups in terms
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1 Introduction
Let G be a locally compact group and let Ap(G) the Figa-Talamanca Herz algebra in-
troduced by Herz [10]. The following theorem on the characterization of amenability in
terms of the Ap(G) algebras is well-known.
Theorem 1.1. Let G be a locally compact group. Then the following are equivalent:
a) The group G is amenable.
b) The Banach algebra Ap(G) possesses a bounded approximate identity.
c) Every closed cofinite ideal is of the form I(E), where E is a finite subset of G.
d) The Banach algebra Ap(G) factorizes weakly.
e) Each homomorphism from Ap(G) with finite dimensional range is continuous.
∗Corresponding Author: shravankumar@maths.iitd.ac.in
1
f) Every derivation of Ap(G) into a Banach Ap(G)-bimodule is continuous.
The equivalence of the statements a) and b) was due to Herz [11]. The equivalence of
the statements a), c), e) and f) were due to Forrest [8]. The equivalence of the statements
a) and d) was due to Losert [15].
In [16], we have introduced and studied the LΦ-versions of the Figa-Talamanca Herz
algebras. Here LΦ denotes the Orlicz space corresponding to the Young function Φ. The
space AΦ(G) is defined as the space of all continuous functions u, where u is of the form
u =
∞∑
n=1
fn ∗ gˇn,
where fn ∈ L
Φ(G), gn ∈ L
Ψ(G), (Φ,Ψ) is a pair of complementary Young functions
satisfying the ∆2-condition and
∞∑
n=1
NΦ(fn)‖gn‖ψ <∞.
This paper has the modest aim of proving the above said equivalent statements in the
context of AΦ(G) algebras. We shall begin with some preliminaries that are needed in
the sequel.
2 Preliminaries
Let Φ : R → [0,∞] be a convex function. Then Φ is called a Young function if it is
symmetric and satisfies Φ(0) = 0 and lim
x→∞
Φ(x) = +∞. If Φ is any Young function, then
define Ψ as
Ψ(y) := sup {x|y| − Φ(x) : x ≥ 0}, y ∈ R.
Then Ψ is also a Young function and is termed as the complementary function to Φ.
Further, the pair (Φ,Ψ) is called a complementary pair of Young functions.
Let G be a locally compact group with a left Haar measure dx. We say that a Young
function Φ satisfies the ∆2-condition, denoted Φ ∈ ∆2, if there exists a constant K > 0
and x0 > 0 such that Φ(2x) ≤ KΦ(x) whenever x ≥ x0 if G is compact and the same
inequality holds with x0 = 0 if G is non compact.
The Orlicz space, denoted LΦ(G), is a vector space consisting of measurable functions,
defined as
LΦ(G) =
{
f : G→ C : f is measurable and
∫
G
Φ(β|f |) dx <∞ for some β > 0
}
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The Orlicz space LΦ(G) is a Banach space when equipped with the norm
NΦ(f) = inf
{
k > 0 :
∫
G
Φ
(
|f |
k
)
dx ≤ 1
}
.
The above norm is called as the Luxemburg norm or Gauge norm. If (Φ,Ψ) is a comple-
mentary Young pair, then there is a norm on LΦ(G), equivalent to the Luxemberg norm,
given by,
‖f‖Φ = sup
{∫
G
|fg|dx :
∫
G
Ψ(|g|)dx ≤ 1
}
.
This norm is called as the Orlicz norm.
Let Cc(G) denote the space of all continuous functions on G with compact support. If
a Young function Φ satisfies the ∆2 -condition, then Cc(G) is dense in L
Φ(G). Further, if
the complementary function Ψ is such that Ψ is continuous and Ψ(x) = 0 iff x = 0, then
the dual of (LΦ(G), NΦ(·)) is isometrically isomorphic to (L
Ψ(G), ‖ · ‖Ψ). In particular, if
both Φ and Ψ satisfies the ∆2-condition, then L
Φ(G) is reflexive.
We say that an Young function Φ satisfies the Milnes-Akimovicˇ condition (in short
MA-condition) if for each ǫ > 0 there exists cǫ > 1 and an x1(ǫ) ≥ 0 such that
Φ′((1 + ǫ)x) ≥ cǫΦ
′(x), x ≥ x1(ǫ).
This condition will be used again and again in many of the theorems because of the
following result due to M. M. Rao [19, Theorem 8].
Theorem 2.1. Let G be a locally compact group. Then G is amenable if and only if for
each N-function Φ satisfying the MA-condition and for each ν ∈ M+1 (G), the operator
Tν : L
Φ → LΦ has norm 1, where Tν(f) = ν ∗ f.
For more details on Orlicz spaces, we refer the readers to [20].
Let Φ and Ψ be a pair of complementary Young functions satisfying the ∆2 condition.
Let
AΦ(G) =
{
u =
∞∑
n=1
fn ∗ gˇn : {fn} ⊂ L
Φ(G), {gn} ∈ L
Ψ(G) and
∞∑
n=1
NΦ(fn)‖gn‖Ψ <∞
}
.
Note that if u ∈ AΦ(G) then u ∈ C0(G). If u ∈ AΦ(G), define ‖u‖AΦ as
‖u‖AΦ := inf
{
∞∑
n=1
NΦ(fn)‖gn‖Ψ : u =
∞∑
n=1
fn ∗ gˇn
}
.
The space AΦ(G) equipped with the above norm and with the pointwise addition and
multiplication becomes a commutative Banach algebra [16, Theorem 3.4]. In fact, AΦ(G)
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is a commutative, regular and semisimple banach algebra with spectrum homeomorphic to
G [16, Corollary 3.8]. This Banach algebra AΦ(G) is called as the Orlicz Figa`-Talamanca
Herz algebra.
Let B(LΦ(G)) be the linear space of all bounded linear operators on LΦ(G) equipped
with the operator norm. For a bounded complex Radon measure µ on G and f ∈ LΦ(G),
define Tµ : L
Φ(G)→ LΦ(G) by Tµ(f) = µ∗f. It is clear that Tµ ∈ B(L
Φ(G)). Let PMΦ(G)
denote the closure of {Tµ : µ is a bounded complex Radon measure} in B(L
Φ(G)) with
respect to the ultraweak topology. It is proved in [16, Theorem 3.5], that for a locally
compact group G, the dual of AΦ(G) is isometrically isomorphic to PMΨ(G).
Let A be a regular, semisimple, commutative Banach algebra with the Gelfand struc-
ture space ∆(A). For a closed ideal I of A, the zero set of I, denoted by Z(I), is a closed
subset of ∆(A) defined as
Z(I) = {x ∈ E : â(x) = 0 ∀ a ∈ I}.
For a closed subset E ⊂ ∆(A), we define the following ideals in A :
jA(E) = {a ∈ A : â has compact support disjoint from E}
JA(E) = jA(E)
IA(E) = {a ∈ A : â = 0 on E}.
Note that JA(E) and IA(E) are closed ideals in A with the zero set equal to E and
jA(E) ⊆ I ⊆ IA(E) for any ideal I with zero set E. E is said to be a set of spectral
synthesis (or a spectral set) for A if IA(E) = JA(E). Let I
c
A(E) denote the elements in
IA(E) with compactly supported Gelfand transforms. We say that E is a set of local
spectral synthesis if IcA(E) ⊆ JA(E). By [16, Theorem 3.6] singletons are sets of spectral
synthesis for AΦ(G). Further, every closed subgroup is a set of local synthesis for AΦ(G).
The closed set E is a Ditkin set if for every u ∈ IA(E), there exists a sequence
{un} ⊂ jA(E) such that u.un converges in norm to u; if the condition holds for every
compactly supported u ∈ IA(E) then E is called a local Ditkin set. If the sequence can
be chosen in such a way that it is bounded and is the same for all u ∈ IA(E), then we
say that E is a strong Ditkin set. Note that every Ditkin set is a set of spectral synthesis.
The Banach algebra A is called a strong Ditkin algebra if all the singletons and the empty
set are strong Ditkin sets.
For more on spectral synthesis see [14, 21].
Throughout this paper, G will denote a locally compact group and (Φ,Ψ) will denote
a complementary pair of Young functions satisfying the ∆2-condition.
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3 Amenability and bounded approximate identities
We begin this section with the main result of this paper on the characterization of
amenable groups in terms of the existence of bounded approximate identities in AΦ(G).
Theorem 3.1. Let G be a locally compact group and let Φ satisfy the MA condition.
Then G is amenable if and only if AΦ(G) posseses a bounded approximate identity.
Proof. Suppose that G is amenable. Let K be a compact subset of G and let ǫ > 0. It
follows from Leptin’s condition [18, Definition 7.1] that there exists a compact set C in
G of non-zero measure such that |KC| < (1 + ǫ)|C|. Let uK,ǫ =
1
(1+ǫ)|C|
χKC ∗ χˇC . Then
uK,ǫ ∈ AΦ(G) and
‖uK,ǫ‖AΦ ≤
1
(1 + ǫ)|C|
NΦ(χKC)‖χC‖Ψ
≤
2
(1 + ǫ)|C|
NΦ(χKC)NΨ(χC)
≤
2
(1 + ǫ)|C|
[
Φ−1
(
1
|KC|
)]−1 [
Φ−1
(
1
|C|
)]−1
≤
2
(1 + ǫ)|C|
[
Φ−1
(
1
(1 + ǫ)|C|
)]−1 [
Φ−1
(
1
(1 + ǫ)|C|
)]−1
< 2
Consider the set Λ = {(K, ǫ) : K is a compact subset of G and ǫ > 0} directed as follows:
(K1, ǫ1) ≺ (K2, ǫ2) if K1 ⊂ K2 and ǫ2 < ǫ1. Now consider the net {uK,ǫ}(K,ǫ)∈Λ in AΦ(G).
We now claim that {uK,ǫ}(K,ǫ)∈Λ is an approximate identity for AΦ(G). Let f ∈ AΦ(G) ∩
Cc(G) be such that suppf = K and let ǫ > 0. Then (uK,ǫf)(x) =
f(x)
1+ǫ
if x ∈ K and 0
otherwise. Therefore
‖uK,ǫf − f‖AΦ =
ǫ
1 + ǫ
‖f‖AΦ ≤ ǫ‖f‖AΦ .
We now proceed further to prove the converse. Suppose that AΦ(G) posseses an
approximate identity {uα}α∈Λ bounded by c, for some c > 0. For a positive function
ψ ∈ Cc(G), using [16, Theorem 3.5], it can be shown as in [18, Theorem 10.4], that
‖ψ‖1 = ‖Lψ‖CVΨ(G). We now show that a similar equality holds if we replace ψ by a
positive measure having compact support. Let µ ∈ M(G) be a positive measure having
compact support. Choose f0 ∈ Cc(G) such that f0 is positive, fˇ0 = f0 and ‖f0‖1 = 1.
Note that, for every f ∈ Cc(G) with NΦ(f) ≤ 1, we have f0 ∗ f is also positive and has
compact support. Further,
NΦ(f0 ∗ f) ≤ ‖f0‖1NΦ(f) ≤ 1.
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Also, if f ′ ∈ C+c (G), then
〈f ′ ∗ (f0 ∗ f )ˇ, µ〉 = 〈f
′ ∗ fˇ , µ ∗ f0〉.
Thus
‖Lµ‖CVΨ(G) ≥ sup{〈f
′ ∗ (f0 ∗ f )ˇ, µ〉 : f, f
′ ∈ C+c (G) with NΦ(f) ≤ 1, NΨ(f
′) ≤ 1}
= sup{〈f ′ ∗ fˇ , µ ∗ f0〉 : f, f
′ ∈ C+c (G) with NΦ(f) ≤ 1, NΨ(f
′) ≤ 1}
= ‖Lµ∗f0‖CVΨ(G) = ‖µ ∗ f0‖1 = ‖µ‖M(G).
As ‖Lµ‖CVΨ(G) ≤ ‖µ‖M(G) for all µ ∈ M(G), we have ‖Lµ‖CVΨ(G) = ‖µ‖M(G) for all
positive µ having compact support. Thus G is amenable, thanks to Theorem 2.1.
Remark 3.2. Note that the condition that Φ satisfies the MA condition in the above
theorem is needed only while proving the converse, i.e., while invoking Theorem 2.1. As
mentioned in [19], the assumption that Φ satisfies the MA condition is needed only to
avoid the Riesz-convexity theorem. Note that the proof of the above theorem for the Ap(G)-
algebras uses the Riesz-convexity theorem. Although an extended Riesz-convexity theorem
for Orlicz spaces is available, it cannot be used here.
We now begin to prove some corollaries. In the first corollary, we characterize amenabil-
ity in terms of certain weak*-closed AΦ(G)-submodules of PMΨ(G).
Corollary 3.3. Let G be a locally compact group, Φ satisfy the MA-condition and let X
be a weak*-closed AΦ(G)-submodule of PMΨ(G). Then G is amenable if and only if the
following statements about X are equivalent:
a) The space X is invariantly complemented
b) The space ⊥X has a bounded approximate identity.
Proof. The proof of the if part follows from Theorem 3.1 and [6, Proposition 6.4]. The
only if part follows again from Theorem 3.1 by choosing X = {0}.
Let BΦ(G) = {u ∈ C(G) : uv ∈ AΦ(G) ∀ v ∈ AΦ(G)} . Then the space BΦ(G) when
equipped with the operator norm becomes a commutative banach algebra.
Corollary 3.4. Let G be an amenable group and let Φ satisfy the MA-condition. Then
the two norms ‖ · ‖AΦ(G) and ‖ · ‖BΦ(G) are equivalent.
Proof. By definition of BΦ(G), it is clear that, for any u ∈ AΦ(G), ‖u‖BΦ(G) ≤ ‖u‖AΦ(G).
For this inequality, the assumption on the group to be amenable is not needed.
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For the other inequality, note that, since G is amenable, by Theorem 3.1, AΦ(G)
possesses a bounded approximate identity {uα} such that ‖uα‖AΦ(G) ≤ 2 ∀ α. Thus, for
any u ∈ AΦ(G), we have,
‖uαu‖AΦ(G) ≤ ‖uα‖AΦ(G)‖u‖BΦ(G) ≤ 2‖u‖BΦ(G).
Hence the proof.
One of the classical results of Reiter states that every closed subgroup of a locally com-
pact abelian group is a set of spectral synthesis for the Fourier algebra A(G). This result is
known as the subgroup lemma [21]. This result was generalized to locally compact groups
by Takesaki and Tatsuuma [22]. For 1 < p <∞, Herz generalized the subgroup lemma to
Ap(G) algebras under the assumption that G is amenable. For other generalisations see
[2]. Our next corollary is the subgroup lemma for spectral synthesis. The proof of this is
an immediate consequence of Theorem 3.1 and [16, Theorem 3.6].
Corollary 3.5. Let G be an amenable group and let Φ satisfy the MA-condition. Then
every closed subgroup is a set of spectral synthesis for AΦ(G).
4 Ideals with bounded approximate identities
In this section, our aim is to characterize amenable groups in terms of Ditkin sets.
We shall begin this section by introducing some notations. Let A, B ⊂ G be closed
set of G. Let
S (A,B) = {u ∈ BΦ(G) : u(A) = 1, u(B) = 0 } ,
s(A,B) =
{
inf{‖u‖BΦ(G) : u ∈ S (A,B)} if S (A,B) 6= ∅
∞ if S (A,B) = ∅
F (A) = {K ⊂ G : K is compact,K ∩A = ∅} ,
sΦ(A) = sup {s(A,K) : K ∈ F (A)} .
Our first result is an analogue of [8, Proposition 3.4]. This theorem proves the existence
of bounded approximate identities with some properties, in certain closed ideals.
Theorem 4.1. Let G be a amenable locally compact group and let E be a closed subset
of G. If E is a set of synthesis for AΦ(G) and sΦ(E) < ∞, then the ideal I(E) has a
bounded approximate identity {uα}α∈Λ such that the following holds:
a) ‖uα‖AΦ(G ≤ 8 + 4sΦ(E) ∀ α ∈ Λ,
b) uα ∈ AΦ(G) ∩ Cc(G) ∀ α ∈ Λ,
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c) for every compact subset K of G with K ∩ E = ∅, there exists a sequence {un} from
{uα} such that for every u ∈ AΦ(G) with supp(u) ⊂ K, we have ‖uun − u‖AΦ(G) ≤
1
n
.
Proof. Since G is amenable, it follows from the proof of Theorem 3.1, that AΦ(G) possesses
an approximate identity {uK,ǫ}F(E)×R+ such that
i) ‖uK,ǫ‖ ≤ 2
ii) supp(uK , ǫ) is compact and
iii) if v ∈ AΦ(G) such that supp(v) ⊆ K then uK,ǫv =
v
1+ǫ
.
Since sΦ(E) is finite, there exist uK ∈ S (E,K) such that ‖uK‖BΦ(G) ≤ sφ(E) + 1. Let
vK,ǫ = uK,ǫ− uK,ǫuK . It is clear that vK,ǫ ∈ I(E). This {vK,ǫ}(K,ǫ)∈F(E)×R+ will satisfy the
requirements of the theorem.
Lemma 4.2. Let K be a compact subgroup of a locally compact group G. Then sΦ(K) is
finite.
Proof. Let C be a compact subset of G such that C ∩K = ∅. Choose an open neighbour-
hood U of e such that U is symmetric, relatively compact and C−1K ∩ KU2 = ∅. Let
u(x) = 1
|KU |
χKU ∗ χˇKU(x). Now, it is clear that u(e) = 1, ‖u‖BΦ(G) ≤ 1. Further, note that
u is 1 on K and 0 on C, i,e., u ∈ S (K,C). Hence the proof.
As an immediate consequence we have the following corollary.
Corollary 4.3. Let G be a locally compact amenable group. Then for each x ∈ G, I({x})
contains a bounded approximate identity.
Proof. The proof of this follows from [16, Theorem 3.6], Theorem 4.1 and Lemma 4.2.
Here is the characterization of amenable groups in terms of the Ditkin sets.
Corollary 4.4. Let G be a locally compact group and let Φ satisfy the MA-condition.
Then G is amenable if and only if AΦ(G) is a strong Ditkin algebra.
Proof. The proof of this follows from Theorem 3.1 and Corollary 4.3.
5 Weak factorization and cofinite ideals
In this section, we characterize amenable groups in terms of weak factorization and cofinite
ideals.
For Ap(G) algebras, the following theorem was proved by Losert [15].
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Theorem 5.1. Let G be a locally compact group G and let Φ satisfy the MA condition.
Then G is amenable if and only if AΦ(G) factorizes weakly.
Proof. Let G be amenable. Then the if part follows from the Cohen’s factorization theo-
rem. We shall now prove the converse. Suppose that AΦ(G) weakly factorizes. Note that
AΦ(G) is a self-adjoint Banach algebra. Thus, by [9, Theorem 1.3], there exists c > 0 such
that for each compact subset C of G there exists a positive function u ∈ AΦ(G) such that
u ≥ 1 on C and ‖u‖AΦ(G) ≤ c. Observe that, for φ ∈ C
+
c (G), the norm of the convolution
operator ‖Lφ‖CVΨ(G) is equal to the norm of the linear functional
v 7→
∫
v(x)φ(x) dx
on AΦ(G). Thus,
∣∣∫ φ(x) dx∣∣ ≤ c‖Lφ‖CVΨ(G), which implies that ‖φ‖n1 ≤ c‖Lφ‖nCVΨ(G) and
hence it follows that ‖φ‖1 ≤ ‖Lφ‖CVΨ(G). Now proceeding as in the proof of the converse
of Theorem 3.1, one can show that G is amenable.
Before we proceed to our next characterization, here are some preparatory lemmas.
Lemma 5.2. Let G be a amenable group and let Φ satisfy the MA-condition. Then every
finite subset is a set of spectral synthesis.
Proof. The proof of this is an immediate consequence of [12, Theorem 39.24] and Corollary
4.4.
Lemma 5.3. Let G be a non-amenable locally compact group and let I = I({e}). Then
I2 is not closed in AΦ(G), where Φ satisfies the MA-condition.
Proof. Using [16, Theorem 3.6] and Theorem 5.1, the proof of this follows similar lines as
in [6, Lemma 5.7].
Our next result is the characterization of amenable groups in terms of cofinite ideals.
Theorem 5.4. Let G be a locally compact group and let Φ satisfy the MA condition.
Then the following are equivalent:
a) G is amenable.
b) Every cofinite ideal in AΦ(G) is of the form I(E) for some finite subset E of G.
c) Each homomorphism from AΦ(G) with finite dimensional range is continuous.
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Proof. a)⇒ b). Let G be amenable and let I be a cofinite ideal in AΦ(G). By [5, Theorem
2.3], it is enough to show that every closed cofinite ideal is idempotent. So, let us assume
that I is a closed cofinite ideal in AΦ(G). Since I is cofinite, the zero set Z(I) is finite
and hence, by Lemma 5.2, Z(I) is a set of spectral synthesis. Thus, it follows that
I = I(Z(I)). Further, by Theorem 4.1, I(Z(I)) has a bounded approximate identity and
hence it follows from Cohen’s factorization theorem that I is idempotent.
b) ⇒ a) follows from [5, Theorem 2.3] and Lemma 5.3. The equivalence of b) and c)
follows again from [5, Theorem 2.3].
6 Derivations and splittings
In this section, we characterize amenable groups in terms of continuous derivations. Next
we study algebraic splittings and strong splittings of the extensions of the algebra AΦ(G)
in the spirit of [17].
We begin this section by showing the existence of a discontinuous derivation. The
proof of this Lemma follows from Lemma 5.3 and [5, Pg. 402].
Lemma 6.1. Let G be a nonamenable group and let Φ satisfy the MA-condition. Then
there exists a discontinuous derivation of AΦ(G) into a finite dimensional commutative
Banach AΦ(G)-bimodule.
Lemma 6.2. Let G be a amenable group and let I be a closed ideal in AΦ(G) of infinite
codimension. Then there exists sequences {un}, {vn} in AΦ(G) such that unv1 . . . vn−1 /∈ I
but unv1 . . . vn−1u1vn ∈ I for all n ≥ 2.
Proof. As in the proof of Theorem 5.4, one can show that the zero set Z(I), of an ideal of
infinite codimension, is infinite. Now the remaining proof follows exactly as in the proof
of [7, Lemma 2].
Here is the characterization of amenable groups in terms of continuous derivations.
Theorem 6.3. Let G be a locally compact group and let Φ satisfy the MA-condition.
Then the following are equivalent:
a) Every derivation of AΦ(G) into a Banach AΦ(G)-bimodule is continuous.
b) Every derivation of AΦ(G) into a finite dimensional commutative Banach AΦ(G)-
bimodule is continuous.
c) G is amenable.
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Proof. a) ⇒ b) is trivial and b) ⇒ c) follows from Lemma 6.1. We shall now prove c) ⇒
a). In order to prove this, it is enough to verify the conditions of [13, Theorem 2] for a
closed cofinite ideal of AΦ(G). But this follows from Theorem 5.4 and Lemma 6.2.
Before we proceed to study algebraic and strong splittings, here are some notations.
Let x, y ∈ G ∪ {0}. For z ∈ C and u ∈ AΦ(G), define u.z and z.u as follows:
u.z : = u(x)z for a non-zero x and u.z = 0 otherwise
z.u : = u(y)z for a non-zero y and z.u = 0 otherwise.
Note that the above left and right action turns C into a AΦ(G)-bimodule. In order to
emphasize the role of x and y, we shall denote this bimodule as Cx,y.
A linear functional m on PMΨ(G) is called a mean if ‖m‖ = m(I) = 1. A mean m on
PMΨ(G) is said to be topologically invariant if u.m = u(e)m ∀ u ∈ AΦ(G), that is,
〈T, u.m〉 = 〈u.T,m〉 = u(e)〈T,m〉 ∀ T ∈ PMΨ(G), ∀ u ∈ AΦ(G).
It is shown in [16, Corollary 6.2] that the set of all topological invariant means on PMΨ(G)
is non-empty. As a result, by following the arguments given for [17, Lemma 3.1], we have
the following Lemma for AΦ(G).
Lemma 6.4. If x ∈ G, then there exists an AΦ(G)-bimodule homomorphisms Θx :
AΦ(G)
′ → Cx,x such that ‖Θx‖ = Θx(δx) = 1.
For algebraic and strong splittings of extensions of Banach algebras, we shall refer to
[4].
As a consequence of the above Lemma along with [16, Theorem 3.6] and [16, Corollary
3.8], we have the following Lemma, whose proof is similar to [17, Lemma 3.4].
Lemma 6.5. Let X be a finite-dimensional Banach AΦ(G)-bimodule. Suppose that X
is also essential as a left module. Then every singular extension of AΦ(G) by X splits
strongly.
Corollary 6.6. Let X be a finite-dimensional AΦ(G)-bimodule. Then X is isomorphic
to
n
⊕
i=1
Cxi,yi, for some n ∈ N and xi, yi ∈ G ∪ {0}.
Theorem 6.7. Let Φ satisfy the MA-condition. If G is amenable, then all finite-dimensional
extensions of AΦ(G) split strongly.
Proof. Let X be a finite-dimensional AΦ(G)-module. As G is amenable, by Theorem 3.1,
it follows that X is an essential AΦ(G)-module. Thus, by Lemma 6.5, every singular
extension of AΦ(G) by X splits strongly. Now the conclusion follows from [4, Corollary
1.9.8].
Another proof of this follows from [1, Theorem 4.18], Theorem 4.1 and Theorem
5.4.
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Proposition 6.8. Suppose that AΦ(G) posseses an approximate identity. Then all the
singular finite-dimensional extensions of AΦ(G) split algebraically.
Proof. Let X be a finite-dimensional AΦ(G)-bimodule. By Corollary 6.6, it follows that
H˜2(AΦ(G), X) =
n
⊕
i=1
H˜2(AΦ(G),Cxi,yi), where n is the dimension of X. Note that if xi or
yi are non-zero, then by [1, Pg. 21-22], it follows that H˜
2(AΦ(G),Cxi,yi) = {0}. Further,
by [4, Proposition 2.9.34], it follows that H˜2(AΦ(G),C0,0) = {0}. Thus the proof follows
from [4, Corollary 2.8.13].
Acknowledgement
The first author would like to thank the University Grants Commission, India, for research
grant.
References
[1] W. G. Bade, H. G. Dales and Z. A. Lykova, Algebraic and Strong Splittings
of Extensions of Banach Algebras, Memoirs of the American Mathematical Society,
Vol. 656, Amer. Math. Soc., Providence, RI, 1999.
[2] A. Delaporte and A. Derighetti, Invariant projections and convolution op-
erators, Proc. Amer. Math. Soc. 129 (2001) 1427-1435.
[3] A. Derighetti, Convolution Operators on Groups, Lecture Notes Un. Mat.
Ital.11, Springer, Heidelberg, 2011.
[4] H. G. Dales, Banach algebras and automatic continuity, London Mathematical
Society Monographs (New Series) 24, Oxford University Press, 2000.
[5] H. G. Dales and G. A. Willis, Cofinite ideals in Banach algebras, and finite-
dimensional representations of group algebras. Radical Banach algebras and auto-
matic continuity (Long Beach, Calif., 1981), 397-407, Lecture Notes in Math., 975,
Springer, Berlin-New York, 1983.
[6] B. Forrest, Amenability and bounded approximate identities in ideals of A(G).
Illinois J. Math. 34 (1990), no. 1, 1-25.
[7] B. Forrest, Amenability and derivations of the Fourier algebra, Proc. Amer.
Math. Soc. 104 (1988), no. 2, 437-442.
12
[8] B. Forrest, Amenability and the structure of the algebras Ap(G), Trans. Amer.
Math. Soc. 343 (1994), no. 1, 233-243.
[9] H. G. Feichtinger, C G Graham and E H Lakien, Nonfactorization in com-
mutative, weakly self-adjoint Banach algebras, Pacific J. Math., Vol.80 (1979)
117-125
[10] C. Herz, The theory of p-spaces with an application to convolution operators,
Trans. Amer. Math. Soc. 154 (1971) 69-82.
[11] C. Herz, Harmonic synthesis for subgroups, Ann. Inst.Fourier (Grenoble) 23
(1973), no.3, 91-123.
[12] E. Hewitt and K. A. Ross, Abstract Harmonic Analysis II, Springer, 1970.
[13] N. P. Jewell, Continuity of module of higher derivations, Pacific J. Math., 68
(1977) 91-98.
[14] E. Kaniuth, A course in commutative Banach algebras, Graduate Texts in Math-
ematics, Springer, New York, 2009.
[15] V. Losert, Some properties of groups without the property P1. Comment. Math.
Helv. 54 (1979), no. 1, 133-139.
[16] R. Lal and N. S. Kumar, Orlicz Figa-Talamanca Herz algebras and invariant
means, Indag. Math. 30 (2019), 340-354.
[17] Monfared, Mehdi Sangani, Extensions and isomorphisms for the generalized
Fourier algebras of a locally compact group. J. Funct. Anal. 198 (2003), no. 2,
413-444.
[18] J. P. Pier, Amenable Locally Compact Groups, Wiley, New York, 1984.
[19] M. M. Rao, Convolutions of vector fields-III:Amenability and spectral prop-
erties,in:Real and Stochastic Analysis, Trends Math., Birkhauser, Boston, 2004,
375-401
[20] M. M. Rao and Z.D.Ren, Theory of Orlicz Spaces, Dekker, New York, 1991.
[21] H. Reiter, Classical Harmonic Analysis and Locally Compact Groups, Oxford
University Press, 1968.
[22] M.Takesaki and N.Tatsuuma, Duality and subgroups. II, J. Functional Anal.
11 (1972) 184 -190.
13
